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ACCESSIBLE VALUES OF ASSOUAD AND THE
LOWER DIMENSIONS OF SUBSETS
CHANGHAO CHEN, MENG WU, AND WEN WU
Abstract. Let E be a subset of a doubling metric space (X, d).
We prove that for any s ∈ [0, dimA E], where dimA denotes the As-
souad dimension, there exists a subset F of E such that dimA F =
s. We also show that the same statement holds for the lower di-
mension dimL.
1. Introduction
Recently, there have been many works devoted to the study of As-
souad and the lower dimensions in fractal geometry, see e.g. [7, 8, 9,
13, 14, 16, 17]. Most of those works concentrated on calculations of As-
souad (or the lower) dimension of some self-similar or self-affine sets.
In the present paper, we propose to consider some basic properties of
Assoud and the lower dimensions. More specifically, we would like to
investigate, for a given subset E of a metric space (X, ρ), the accessi-
ble values of dimA F and dimL F for subsets F ⊂ E. The problem we
consider is well understood in the classical cases of Hausdorff, packing
and box-counting dimensions. Let E ⊂ Rd with Hausdorff dimension s.
Then for any α ∈ (0, s) there is a subset F ⊂ E with Hausdorff dimen-
sion α, see Besicovitch [3] and Davies [4]. This accessibility property
also holds for packing and upper box-counting dimensions, see Joyce
and Preiss [12] for the packing dimension and Feng, Wen and Wu [6] for
the upper box-counting dimension. However, the lower box-counting
dimension does not possess the accessibility property, see [6]. For more
detailed information about these dimensions, see [5, 18].
In this paper, we show that in a doubling metric space, the Assouad
and the lower dimensions also have the above accessibility property. In
the rest of this introduction, we recall the definitions of Assouad and
the lower dimensions and state our main results.
The Assouad dimension was introduced by Assouad, see [1, 2]. Let
(X, ρ) be a doubling metric space. Recall that a metric space X is a
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doubling metric space, if there is N ∈ N such that for all r > 0, any
ball of radius r can be covered by a collection of N balls of radius r/2.
For r > 0 and E ⊂ X , let Nr(E) denote the least number of open balls
of radius less than or equal to r which can cover the set E. The (local)
Assouad dimension of E ⊂ X is defined as
dim∗AE = inf
{
s ≥ 0 : ∃ C, ρ > 0 such that ∀ 0 < r < R < ρ,
sup
x∈E
Nr (E ∩ B(x,R)) ≤ C
(
R
r
)s }
.
It is clear that the (local) Assouad dimension depends only on the
local structure of sets. It is not suitable for the measurement of large
scale structures. Because of this, we introduce the (global) Assouad
dimension which is defined as
dimAE = inf
{
s ≥ 0 : ∃ C > 0 such that ∀ 0 < r < R,
sup
x∈E
Nr (E ∩ B(x,R)) ≤ C
(
R
r
)s }
.
A metric space X is doubling if and only if dimAX < ∞, see [11,
Proposition 1.15].
Note that for any bounded set E, dim∗AE = dimAE. In general, we
have dim∗AE ≤ dimAE for any set E. The equality does not necessarily
hold for unbounded sets even in some nice doubling metric space, such
as Rd. For example, the integer lattice Zd in Rd has (local) Assouad
dimension 0, while its (global) Assouad dimension is d. Actually, for
any 0 ≤ α < β ≤ d, we can find a subset E ⊂ Rd such that α = dim∗AE
and dimAE = β (see Section 5).
The lower dimension can be considered as the dual of Assouad di-
mension. It is defined as follows:
dimLE = sup
{
s ≥ 0 : ∃ C, ρ > 0 such that ∀ 0 < r < R < ρ,
inf
x∈E
Nr(E ∩ B(x,R)) ≥ C (R/r)s
}
.
The lower dimension was introduced by Larman, see [15].
The following Theorem is our main result.
Theorem 1. Let (X, ρ) be a doubling metric space and E ⊂ X. For
any α ∈ [0, dim∗AE] there exists a subset F ⊂ E with dim∗A F = α. The
same result also holds for dimA and dimL.
We claim that it is sufficient to prove Theorem 1 for the case when
X ⊂ Rd for some d endowed with Euclidean metric. Let (X, ρε), 0 <
ε < 1 be the snowflake metric space (see [11, p.3]). The Assouad
embedding theorem (see [11, Theorem 3.15]) says that there is a bi-
Lipschitz embedding f which maps (X, ρε) into some Euclidean space
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(Rd, | · |). In fact the map f is also an embedding from (X, ρ) into
(Rd, | · |). The claim follows by the following easy fact that
dimA(f(K), | · |) = dimA(K, ρ)
ε
, K ⊂ X
and this equality also holds for dim∗A and dimL, here dimA(K, ρ) denotes
the Assouad dimension of K with respect to the metric ρ.
The paper is organized as follows. In Section 2, we recall some
basic properties of Assouad and the lower dimensions; some equivalent
definitions of these dimensions are given. The claims of Theorem 1 for
Assouad dimension are proved in Section 3. The lower dimension case
is proved in Section 4. In Section 5, we give some further remarks.
2. Preliminary
In this section, we give some equivalent definitions of Assouad and
the lower dimensions which are more convenient to use for our later
constructions.
We first introduce an equivalent definition of Assouad dimension,
called the star dimension and denoted by dim∗, which was introduced
by Furstenberg in [10].
Let Q1 be the collection of all cubes of Rd with side length ≤ 1 and
Q be the collection of all cubes of Rd. For any cube Q ∈ Q, dividing
Q into pd (2 ≤ p ∈ N) equal sub-cubes, let Np(E,Q) be the number of
those sub-cubes intersecting E. Defining
H∗p (E,Q1) := max
Q∈Q1
Np(E,Q), (1)
the local star dimension of E is given by
dim∗E := lim
p→∞
logH∗p (E,Q1)
log p
= inf
p>1
logH∗p(E,Q1)
log p
. (2)
Similarly, the (global) star dimension of E is defined as
dimE := lim
p→∞
logH∗p (E,Q)
log p
= inf
p>1
logH∗p (E,Q)
log p
(3)
where
H∗p (E,Q) := max
Q∈Q
Np(E,Q).
The existence of the above limits is a simple consequence of the fact that
the functions p 7→ H∗p (E,Q) and p 7→ H∗p (E,Q1) are sub-multiplicative
(see [10, page 13]).
Lemma 1. For any E ⊂ Rd, dim∗AE = dim∗E and dimAE = dimE.
Proof. We only prove the first equality; the second one holds in a similar
way. Assume dim∗E = s. For any ε > 0, there exists M ∈ N such that
for any p ≥M ,
ps−ε ≤ H∗p (E,Q1) ≤ ps+ε. (4)
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Thus for any n ∈ N, there is a cube Qn ∈ Q1 with side length ℓn such
that
NMn(E,Qn) ≥ Mn(s−ε). (5)
Let xn ∈ Qn∩E,Rn =
√
dℓn and rn =M
−nℓn. Then by an elementary
geometric argument we obtain that
Nrn (E ∩B(xn, Rn)) ≥ C1NMn(E,Qn) (6)
for some constant C1 depending only on d. Thus, by (5) and (6) we
have
Nrn (E ∩ B(xn, Rn)) ≥ C1Mn(s−ε) ≥ C2(Rn/rn)s−ε,
where C2 is a constant depending only on d. Hence dim
∗
AE ≥ s − ε.
Since we can choose ε arbitrarily small, dim∗AE ≥ s.
We show the opposite direction in the following. For any ball B(x,R)
with x ∈ E and 0 < r < R ≤ 1. There exists a unique cube Q, which
contains B(x,R), of side length 2R. Let p = ⌊R
r
⌋+1. First we assume
that p ≥ M . In this case, applying the estimate (4), Np(E,Q) ≤ ps+ε,
and by a volume argument we obtain that
N2r
√
d(E ∩B(x,R)) ≤ ps+ε ≤ C3
(
R
r
)s+ε
.
Hence
Nr(E ∩ B(x,R)) ≤ C4
(
R
r
)s+ε
.
For the case p < M , there exits a C5 only depending on d such that
Nr(E ∩ B(x,R)) ≤ Nr(B(x,R)) ≤ C5 ≤ C5
(
R
r
)s+ε
.
By the arbitrary choice of ε, we conclude that dim∗AE ≤ s. Thus we
complete the proof. 
In the definition of star dimension, it is convenient to consider b-adic
cubes where b ≥ 2 is an integer.
Lemma 2. Let Db be the set of all b-adic cubes in [0, 1]d. Then
dim∗E = lim
n→∞
logH∗bn(E,Db)
n log b
.
Proof. Since the limit in (2) exists, the limit can be reached using the
subsequence p = bn, i.e.,
dim∗E = lim
n→∞
logH∗bn(E,Q)
log bn
.
Note that Db ⊂ Q. By (1), we have H∗bn(E,Db) ≤ H∗bn(E,Q) for
any n ≥ 1. On the other hand, for any Q ∈ Q of side length ℓ, it
can be covered by at most 2d cubes of side length bm in Db where
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b−m−1 ≤ ℓ < b−m. Suppose Q ⊂ ⋃ki=1Di, where Di ∈ Db and k ≤ 2d.
Thus
Nbn(E,Q) ≤
k∑
i=1
Nbn(E,Di) ≤ 2d max
D∈Db
Nbn(E,D).
Since Q can be chosen arbitrarily, we have H∗bn(E,Db) ≥ 2−dH∗bn(E,Q).
Therefore
dim∗E = lim
n→∞
logH∗bn(E,Q)
log bn
= lim
n→∞
logH∗bn(E,Db)
log bn
.
Thus we complete the proof. 
Now we give an equivalent definition of the lower dimension. For
any A ⊂ Rd and a ∈ A, let N∗r (E ∩ B(a, R)) be the largest number of
disjoint balls of radius r and centres in E contained in B(a, R). Such
balls are called packing balls.
Lemma 3. For any E ⊂ Rd,
dimLE = sup
{
s : ∃ C, ρ > 0 s.t. ∀ 0 < r < R < ρ,
inf
x∈E
N∗r (E ∩B(x,R)) ≥ C (R/r)s
}
.
(7)
Proof. The result follows directly from the fact that for any A ⊂ Rd, a ∈
A and 0 < r < R, we have
N2r(A ∩B(a, R/2)) ≤ N∗r (A ∩B(a, R)) ≤ Nr/3(A ∩B(a, R)).
The first inequality holds because if we enlarge the radius of N∗r (A ∩
B(a, R)) packing balls to 2r, then the enlarged N∗r (A ∩ B(a, R)) balls
must cover A ∩ B(a, R/2). Otherwise there exists a ball of radius
r and centre in A ∩ B(a, R/2) which is disjoint with the previous
N∗r (A∩B(a, R)) packing balls. This contradicts the definition ofN∗r (A∩
B(a, R)). For the second inequality, since the centres ofN∗r (A∩B(a, R))
packing balls are inside B(a, R), each r
3
-cover of A∩B(a, R) must cover
such centres. Hence each packing ball contains at least one r
3
-covering
ball. 
3. Proof of Theorem 1 for Assouad dimension
Recall that Db is the set of all b-adic cubes in [0, 1]d. For n ∈ N, let
Db(n) be the collection of all b-adic cubes of side length b−n. For any
K ⊂ Db(n), K˜ will stand for the union of cubes
⋃
D∈K D, which is a
subset of Rd.
Lemma 4. Let ε > 0, M,n ∈ N and K ⊂ DM(n) such that Card(K) ≥
Mns and NM(K˜, Q) ≤ Ms+ε for any Q ∈ DM(i), 1 ≤ i ≤ n − 1. Let
N ∈ N so that N ≤Ms+ε. Then there exists F ⊂ K such that
NM(F˜ , Q) ≤ N (8)
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for any Q ∈ DM(i− 1) and 1 ≤ i ≤ n, and furthermore we have
Card(F ) ≥ NnM−nε. (9)
Proof. We will construct a sequence of sets Fi (i = 0, 1, · · · , n) which
are composed of cubes in DM(i), i.e., Fi ⊂ DM(i). Moreover, F˜i+1 ⊂ F˜i
for i = 0, 1, · · · , n− 1 and the set Fn satisfies (8) and (9).
Let F0 = {[0, 1]d}. Suppose that Fi has been constructed. To con-
struct Fi+1, for each Q ∈ Fi, we select some sub-cubes B(Q) ⊂ A(Q)
with cardinality min{N,Card(A(Q))} where
A(Q) := {C ∈ DM(i+ 1) : C ⊂ Q and C ∩ K˜ 6= ∅}.
Let Fi+1 =
⋃
Q∈Fi B(Q). We claim that there is one such Fn which sat-
isfies (8) and (9). Note that (8) is always true by construction. To that
end, we use a probabilistic method and assume that each B(Q) ⊂ A(Q)
was chosen uniformly at random (so that each min{N,Card(A(Q))} el-
ement subset of A(Q) has the same probability of being chosen). Then
for each Q ∈ K there is probability at least (N/Ms+ε)n for Q ∈ Fn.
By the linearity of expectation,
E(Card(Fn)) =
∑
Q∈K
P(Q ∈ Fn) ≥ NnM−nε. (10)
So there exists an Fn with Card(Fn) ≥ NnM−nε. 
Lemma 5. Let E ⊂ [0, 1]d with dim∗E = s ∈ [0, d]. For any α ∈ (0, s)
and any ε > 0 there exists an F ⊂ E such that dim∗ F ∈ [α− ε, α+ ε].
Proof. Since dim∗E = s, there exists an M0 ∈ N, such that for any
M ≥ M0,
H∗M(E,DM) ≤Ms+ε/2. (11)
Let N := ⌊Mα⌋ be the integer part ofMα. In the following we suppose
M is large enough such that
N ≥Mα−ε/2.
By the definition of dimAE, we have H
∗
p (E,Q1) ≥ ps holds for any
p ≥ 2.
Let Q0 = [0, 1]
d. By finite stability of Assouad dimension, there
exists a cube Q1 ∈ DM(1) such that dim∗(Q1 ∩ E) = s. Similarly we
obtain Q2 ∈ DM(2), Q2 ⊂ Q1 with dim∗(Q2 ∩ E) = s. In the end we
obtain a sequence (Qn)n≥1 ⊂ DM such that Qn+1 ∈ DM(n+1), Qn+1 ⊂
Qn and dimA(Qn ∩ E) = s for all n ≥ 1.
For any n, since dim∗(E ∩ Qn) = s, there exist in ≥ n and In ∈
D(in), In ⊂ Qn such that
Mns ≤ NMn(E, In) ≤Mn(s+ε/2). (12)
Let
Kn = {Q ∈ DM(n+ in) | Q ∩ E ∩ In 6= ∅} .
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By (11) and (12), Kn satisfies the condition of Lemma 4. Applying
Lemma 4 to Kn, we obtain an Fn ⊂ Kn satisfying (8) and (9). From
each cube Q in Fn, we arbitrarily choose one point in Q∩E and denote
the union of such points by En. We also conclude that En satisfies
H∗Mn(En,D) ≥ NnM−nε/2 ≥Mn(α−ε). (13)
Set n1 = 1 and nk+1 = nk + ink for all k ≥ 1. Let E ′ =
⋃∞
k=1Enk .
We show that dim∗E ′ ≥ α− ε. For any k ≥ 1, by (13), we have
H∗Mnk (E
′,D) ≥ H∗Mnk (Enk ,D) ≥Mnk(α−ε).
Thus dim∗E ′ ≥ α− ε.
On the other hand, for any Q ∈ DM there exists nk ≤ ℓ < nk+1 such
that Q ∈ DM(l) and
E ′ = (∪kj=1Enj) ∪ (∪∞j=k+1Enj ) ⊂ (∪kj=1Enj ) ∪Qnk+1 .
Observe that
N∗M(∪kj=1Enj , Q) ≤ N
and
N∗M(∪∞j=k+1Enj , Q) ≤ N∗M(Qnk+1, Q) ≤ 3d.
Thus
N∗M (E
′, Q) ≤ N + 3d ≤Mα+ε, (14)
the last estimates holds when M is large. and hence dim∗E ′ ≤ α +
ε. 
Lemma 6. Let E ⊂ Rd be an unbounded set with dim∗E = s and for
any R > 0, dim∗(E ∩B(0, R)) < s. Then for any α ∈ (0, s) and ε > 0
there exists an F ⊂ E such that dim∗ F ∈ (α− ε, α+ ε).
Proof. By definition of dim∗, we have
dim∗(E) = sup
Q∈Q1
dim∗(E ∩Q).
Thus for any 0 < α < s, there exists Q ∈ Q1 such that dim∗(E ∩Q) ≥
α. By Lemma 5, there is F ⊂ E ∩Q with dim∗ F ∈ (α− ε, α+ ε). 
Lemma 7. Let E ⊂ Rd be unbounded with dimE = s and for any
R > 0, dim(E ∩B(0, R)) < s. Then for any α ∈ (0, s) and ε > 0 there
exists an F ⊂ E such that dimF ∈ [α− ε, α + ε].
Proof. Since dimE = s, there exists M ∈ N such that for any p ≥M
ps−ε ≤ H∗p (E,Q) ≤ ps+ε.
Thus there exists Q1 ∈ Q such that NM(E,Q1) ≥Ms−ε. By Lemma 4
there exists a finite set F1 ⊂ Q1 such that
Mα−ε ≤ NM(F1, Q1) ≤ Mα+ε.
From each cube Q in F1, we arbitrarily choose one point in Q∩E and
denote the union of such points by F ′1. Given {F ′i}ki=1 and {Qi}ki=1,
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we construct F ′k+1 as follows. Let Rk = supx∈Qk dist(0, x) and ℓk be a
positive number satisfying
k∑
i=1
diam(Qi)
α+ε ≤ ℓα+εk . (15)
In addition, we require that ℓ1 < ℓ2 < · · · < ℓk.
Since dim(E\B(0, Rk + ℓk)) = s, there exists Qk+1 and nk+1 such
that
NMnk+1 (E,Qk+1) ≥Mnk+1(s−ε)
and Qk+1 ∩ B(0, Rk + ℓk) = ∅. By Lemma 4 there exists Fk+1 ⊂ Qk+1
such that for any Q ⊂ Qk+1 and Qk ∈ D(k + 2)
NM(Fk+1, Q) ≤Mα+ε. (16)
Furthermore, we have
NMnk+1 (Fk+1, Qk+1) ≥Mnk+1(α−ε). (17)
From each cube Q in Fn+1, we arbitrarily choose one point in Q ∩ E
and denote the union of such points by F ′n+1. Define F =
⋃
k∈N F
′
k.
It is clear that dimF ≥ α − ε. In the following we intend to show
dimF ≤ α+ ε.
For any x ∈ F and r < R, there exist k, n such that ℓk ≤ R < ℓk+1
and x ∈ F ′n. We have two cases:
Case 1. n ≥ k + 2. In this case the ball B(x,R) does not intersect
F ′j for any j 6= n, so by (16) we have
Nr(F ∩ B(x,R)) = Nr(F ′n ∩ B(x,R)) ≤ C(R/r)α+ε.
Case 2. n < k + 2. In this case, the ball B(x,R) does not intersect
F ′j for j ≥ k + 2. So we have
Nr(F ∩ B(x,R)) ≤
k∑
i=1
Nr(F
′
i ) +Nr(F
′
k+1 ∩ B(x,R))
≤
k∑
i=1
Nr(Qi) +Nr(F
′
k+1 ∩B(x,R))
≤ C
k∑
i=1
(
diam(Qi)
r
)α+ε
+ C
(
R
r
)α+ε
≤ 2C
(
R
r
)α+ε
,
where the last inequality holds due to the condition (15) and the fact
ℓk ≤ R. Thus we complete the proof. 
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It is clear that the star dimension is not countable stable. For ex-
ample let An = {1/k}nk=1, then
0 = sup
n∈N
dim∗An < dim
∗
(⋃
n∈N
An
)
= 1.
However, we have the following easy fact. For convenience we put it as
a lemma.
Lemma 8. Let An ⊂ An+1, Bn+1 ⊂ Bn for all n ∈ N and
⋃
n≥1An ⊂⋂
n≥1Bn. Then
sup
n∈N
dim∗An ≤ dim∗
( ∞⋃
n=1
An
)
≤ dim∗
( ∞⋂
n=0
Bn
)
≤ inf
n∈N
dim∗Bn.
(18)
The above formula also holds for dim.
Applying Lemma 6 and Lemma 8, we intend to prove Theorem 1 for
dim∗ and dim.
Proof of Theorem 1 for dim∗. Let α ∈ (0, s). Choose two sequences
{an}n∈N with an ր α and {bn}n∈N with bn ց s. Let
(0, α) =
⋃
n∈N
In and (α, s) =
⋃
n∈N
Jn,
where In = (an, an+1], and Jn = [bn+1, bn). For n = 1, by Lemma 6
there is B1 ⊂ E with dimB1 ∈ J1, and A1 ⊂ B1 with dim∗A1 ∈ I1.
Given An, Bn with An ⊂ Bn and dim∗An ∈ In, dim∗Bn ∈ Jn. We
intend to construct An+1, Bn+1. For Bn and Jn+1, by Lemma 6, there
is B′n ⊂ Bn with dim∗B′n ∈ Jn+1. For B′n and In+1, by Lemma 6, there
is A′n ⊂ B′n with dim∗A′n ∈ In+1. Let
An+1 = An ∪ A′n, Bn+1 = An ∪ B′n. (19)
In the end we have two sequences {An}, {Bn} with
An ⊂ An+1 ⊂ Bn+1 ⊂ Bn
and dim∗An ∈ In, dim∗Bn ∈ Jn for all n ∈ N. By lemma 8, we have
dim∗ (∪nAn) = dim∗ (∩nBn) = α. 
Proof of Theorem 1 for dim. Applying Lemma 7, Lemma 8 and the
same argument as in the previous proof, we complete the proof. 
4. Proof of Theorem 1 for the lower dimension
Proof of Theorem 1 for dimL. Suppose E ⊂ Rd with dimLE = s. For
any α ∈ (0, s), we will construct a subset F which satisfies dimL F = α
as follows.
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Step 1. Let ε ∈ (0, s − α). Then by Lemma 3, there exist C, ρ > 0
such that for any 0 < r < R < ρ,
N∗r (E ∩ B(x,R)) ≥ C
(
R
r
)s−ε
.
Let M be a large enough integer satisfying
CM
s−ε
α ≥M + 3d.
Fix 0 < R0 < ρ. Let R1 = λR0 where λ
αM = 1. Then for all x ∈ E,
N∗R1(E ∩B(x,R0)) ≥ Cλ−s+ε = CM
s−ε
α ≥M + 3d.
Fix any x ∈ E. Since there are at most 3d disjoint balls of ra-
dius R1 that touch B(x,R1), we can pick M disjoint balls including
B(x,R1) from the N
∗
R1
(E ∩ B(x,R0)) packing balls. Denote them by
{B(xi, R1)}Mi=1 where x1 = x. Let A := {1, . . . ,M} and
E1 =
⋃
i∈A
E ∩ B(xi, R1).
Step 2. Let R2 = λR1. Repeating Step 1 for each i ∈ A, we choose
M balls including B(xi, R2) from N
∗
R2
(E ∩ B(xi, R1)) packing balls.
Denote them by B(xi, R2) where i = i1i2 ∈ A2 and xi1 = xi for all
i ∈ A. Let
E2 =
⋃
i∈A2
E ∩ B(xi, R2).
Step 3. Repeating previous process n times, we define
En =
⋃
i∈An
E ∩B(xi, Rn)
and
F =
⋂
n≥1
En.
This process ensures that
(1) Rk+1 = λRk for all k ≥ 1;
(2) {B(xi, Rk)}i∈Ak are disjoint balls for all k ≥ 1;
(3) B(xij , Rk+1) ⊂ B(xi, Rk) for all i ∈ Ak, j ∈ A and k ≥ 1;
(4) xj1 = xj for all j ∈ Ak. Thus x ∈ F 6= ∅.
By definition of lower dimension, it is not hard to see that the lower
dimension of a bounded set is always less than its lower box dimension.
Therefore,
dimL F ≤ dimBF ≤ lim
n→∞
logMn
− log(R0λn) = α.
In the following, we will show that dimL F ≥ α. Let CM = 1M+1 .
For any 0 < r < R ≤ R0, we have
Rn+1 < R ≤ Rn and Rn+k+1 < r ≤ Rn+k
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for some n ≥ 1 and k ≥ 0. When k = 0, R/r < Rn/Rn+1 = 1/λ. Thus
by the definition of F , we know that for any x ∈ F ,
N∗r (F ∩ B(x,R)) ≥ 1
≥ CMM = CM 1
λα
≥ CM
(
R
r
)α
.
For the same reason, when k ≥ 1, we have
N∗r (F ∩B(x,R)) ≥ N∗r (F ∩B(x,Rn+1))
≥ N∗Rn+k(F ∩ B(x,Rn+1))
≥Mk−1 = λ−α(k−1) =
(
Rn+1
Rn+k
)α
≥ CM
(
Rn+1
Rn+k
)α
.
Now we conclude that dimL F ≥ α which completes the proof. 
5. Further remarks
The equality dimAE = dim
∗
AE holds for any bounded set E in
Euclidean space. However this is not always true in general metric
space. For example for any infinite set X , given the discrete metric on
X , that is any two different points has distance one, thus
0 = dim∗AE < dimAE =∞.
For unbounded sets (even in Euclidean spaces), these two dimensions
can be different.
Proposition 1. For any 0 ≤ α < β ≤ d there exists a subset E ⊂ Rd,
such that
α = dim∗AE < dimAE = β.
Proof. By Theorem 1, we can find two sets K1 ⊂ Zd and K2 ⊂ [0, 1]d
with
dimAK1 = β and dim
∗
AK2 = α.
Note that dim∗AK1 = 0 and dimAK2 = α. By the finite stability of
dimA and dim
∗
A, we have
α = dim∗A(K1 ∪K2) < dimA(K1 ∪K2) = β.
This completes the proof. 
Concluding remark. After this work was essentially completed, we
are informed that Theorem 1 for the (local) Assouad dimension dim∗A is
also obtained independently by W. Wang and S. Y. Wen in [19] at the
same time. We are grateful to them for providing us their manuscript.
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